We theoretically investigate single particle excitations in the BCS (Bardeen-Cooper-Schrieffer)-BEC (Bose-Einstein-Condensation) crossover regime of an ultracold Fermi gas. Including strong pairing fluctuations within a T -matrix approximation, as well as effects of a harmonic trap potential in the local density approximation, we calculate the local photoemission spectrum in the normal state. Recently, JILA group has measured this quantity in a 40 K Fermi gas, in order to examine homogeneous single-particle properties of this system. Comparing our results with this experiment, we show that, this attempt indeed succeeds under the JILA's experimental condition. However, we also find that the current local photoemission spectroscopy still has room for improvement, in order to examine the pseudogap phenomenon predicted in the BCS-BEC crossover region. Since ultracold Fermi gases are always in a trap, our results would be useful in applying this system to various homogeneous Fermi systems, as a quantum simulator. 
I. INTRODUCTION
While the high tunability of various physical parameters is an advantage of ultracold Fermi gas [1] [2] [3] [4] , the spatial inhomogeneity by a trap potential may be a weak point of this many-body system, especially when one tries to use it as a quantum simulator for other uniform Fermi systems. Using a tunable interaction associated with a Feshbach resonance [4, 5] , we can now study superfluid properties of 40 K and 6 Li Fermi gases at various interaction strengths in a systematic manner [6] [7] [8] [9] . Thus, when the above-mentioned weak point is overcome, one would be able to concentrate on the so-called BCS (Bardeen-Cooper-Schrieffer)-BEC (Bose-Einstein condensation) crossover phenomenon [1, [10] [11] [12] [13] [14] [15] [16] [17] , without being annoyed by the unwanted spatial inhomogeneity. Since understanding strong correlations is crucial in various Fermi systems, such as high-T c cuprates [18] [19] [20] [21] , as well as neutron stars [22] , such improvement would also make an impact on these fields.
So far, several ideas have been proposed/developed to overcome this problem. One idea is to use the combined Gibbs-Duhem equation with the local density approximation (LDA) [23] , which enables us to evaluate the pressure P of a uniform Fermi gas from the observed density profile in a trapped Fermi gas. Then, we can determine other thermodynamic quantities in a uniform Fermi gas from P by way of appropriate thermodynamic identities. This method is now widely used in cold Fermi gas physics [24] [25] [26] .
To suppress effects of a harmonic potential, non-harmonic trap potential has also been tested [27, 28] . Very recently, for a 6 Li Fermi gas in a cylindrical trap potential (where atoms feel almost uniform potential in the central region), Zwierlein and co-workers have measured the atomic momentum distribution, to observe a clear signature of the Fermi surface formation below the Fermi temperature T F [28] .
In addition to these, Jin and co-workers have recently invented a local photoemissiontype spectroscopy (LPES) [29] . While the previous photoemission-type spectroscopy (PES) has no spatial resolution [30, 31] , LPES employs a space selective imaging technique [32] [33] [34] , to only observe single-particle excitations around the trap center (where effects of a harmonic trap is weak). Since the combined Gibbs-Duhem equation with LDA is only valid for thermodynamic quantities, LPES is expected to contribute to the understanding of excitation properties of a uniform Fermi gas in the crossover region. which excite | ↑ -state atoms to the third state |3 . In LPES, after this process, additional hollow light beams are applied to the gas (see panel (b)), to further excite |3 -state atoms around the edge of the gas cloud to the fourth state |4 . |4 is a dark state in the sense that it is invisible in TOF measurement. This additional manipulation enables LPES to selectively observe single-particle excitations in the central region ("A" in panel (b)).
rf-photons are applied to the whole gas cloud, to transfer atoms in the | ↑ -state to the third one |3 , as shown in panel (a). The photoemission spectrum is then obtained by probing |3 , by using a time-of-flight (TOF) technique. In LPES [29] , on the other hand, before TOF measurement, additional hollow light beams are applied to the system ( Fig. 1(b) ), to selectively excite |3 -state atoms around the edge of the gas cloud to the fourth state |4 ("LPES" in Fig. 1(a) ). When |4 is chosen so as to be invisible in the successive TOF measurement, LPES can selectively probe atoms in the trap center.
Because of this advantage, LPES is also expected to be able to resolve a long-standing debate on the pseudogap problem in this field. Since pairing fluctuations are strong in the BCS-BEC crossover region, the formation of preformed Cooper pairs, as well as the associated pseudogap phenomenon (where a gap-like structure appears in the single-particle density of states (DOS) in the normal state) have theoretically been predicted [37] [38] [39] [40] [41] [42] . Experimentally, although the direct observation of DOS is still difficult in cold Fermi gas physics, the recent PES experiment on a 40 K Fermi gas [30, 31] has found an anomalous spectral structure which is consistent with the prediction [37] [38] [39] [40] [41] [42] . However, it has also been argued that the observed anomaly is not a signature of pseudogap, but simply comes from the spatial inhomogeneity of a trapped Fermi gas [43, 44] , so that the existence of this many-body phenomenon is still controversial. To resolve this debate, LPES is very promising, because this experiment can, in principle, eliminate effects of a trap from the spectrum. Since the pseudogap phenomenon has also been discussed in high-T c cuprates as a key to clarify the pairing mechanism [14, [45] [46] [47] [48] [49] , the observation of pseudogap in the simpler gas system would also contribute to the study of this more complicated electron system.
In the recent LPES experiment on a 40 K Fermi gas [29] , the observed spectrum is similar to the previous PES result [30, 31] , which looks supporting the pseudogap scenario. However, because the current LPES [29] still needs at least about 30% of trapped atoms in order to obtain detectable spectral intensity, it must be done, not at the trap center, but for a finite volume fraction around the trap center. Thus, it is still unclear whether the observed LPES spectra really describe single particle properties of a homogeneous system or they still involve non-negligible inhomogeneous effects by a harmonic trap.
The purpose of this paper is to theoretically investigate the local photoemission-type spectroscopy (LPES) in the BCS-BEC crossover regime of a trapped normal Fermi gas.
Including pairing fluctuations in the BCS-BEC crossover region within the framework of a strong-coupling T -matrix approximation (TMA), as well as effects of a harmonic trap within the local density approximation (LDA), we assess to what extent LPES can eliminate effects of a harmonic trap from the photoemission spectrum. We clarify the region where the current LPES technique can obtain single-particle properties of a uniform Fermi gas, in the phase diagram with respect to the temperature and the strength of pairing interaction. We also discuss how the local photoemission spectrum is sensitive to detailed spatial selection.
This paper is organized as follows. In Sec. II, we explain our formulation. In addition to the combined TMA with LDA to describe a trapped Fermi gas in the BCS-BEC crossover region, we also explain how to theoretically evaluate the local photoemission spectrum. In Sec. III, we show our numerical results. We compare calculated spectra with the recent experiment on a 40 K Fermi gas [29] . Throughout this paper, we set = k B = 1, for simplicity.
In the uniform case, the system volume V is taken to be unity.
II. FORMULATION
We start from a two-component Fermi gas described by the BCS Hamiltonian,
We first explain TMA formalism and PES expression in the uniform case. Later, we explain how to incorporate effects of a harmonic trap into the theory within LDA. In Eq.
(
is the creation operator of a Fermi atom in the hyperfine state described by pseudo-spin is assumed to be tunable by a Feshbach resonance technique [4] . As usual, we measure the interaction strength in terms of the observable s-wave scattering length a s , which is related
where p c is a momentum cutoff.
Strong-coupling corrections to single-particle excitations are conveniently described by the self-energy Σ(p, iω n ) in the single-particle thermal Green's function [50, 51] ,
where ω n is the fermion Matsubara frequency. In this paper, we deal with the self-energy correction Σ(p, iω n ) within the T -matrix approximation (TMA) [14, 15, 37, 38] , which is diagrammatically given in Fig. 2 . We briefly note that TMA can describe the BCS-BEC crossover behavior of T c , as well as the pseudogapped density of states in the crossover region [14, 15, 37, 38] . This strong-coupling theory has also been used to calculate the conventional PES [52] , to successfully explain the observed spectra in a 40 K Fermi gas [30, 31] .
Thus, we expect that TMA is also suitable for our purpose.
The summation of the TMA diagrams in Fig. 2 gives
Here, iν n is the boson Matsubara frequency, and
is the bare single-particle Green's function. In Eq. (4), the particle-particle scattering matrix,
describes fluctuations in the Cooper channel, where
is the lowest-order pair correlation function, with f (x) being the Fermi distribution function.
As usual, the momentum summation in Eq. (6) involves the ultraviolet divergence, which however, does not affect the final result, when the interaction strength is measured in terms of the s-wave scattering length a s as,
To describe excitations from | ↑ to |3 by rf-photons [30, 31] , we add the corresponding
Hamiltonian [35, [53] [54] [55] [56] ,
to our model in Eq. (1). In Eq. (8), b † p is the creation operator of a Fermi atom in |3 with the kinetic energy ε p + ω 3 − µ 3 , measured from the chemical potential µ 3 (where ω 3 is the energy difference between | ↑ and |3 ). The last term in Eq. (8) (≡ H T ) describes a photon-assisted tunneling between | ↑ and |3 in the rotational wave approximation [35, [53] [54] [55] [56] [57] , where t rf is the transfer matrix element between the two states, and q L and ω L are the momentum and energy of rf-photon, respectively.
The tunneling current I(p, t) from | ↑ to |3 is given as the increase rate of the number N 3 (p, t) of |3 -state atoms with momentum p. Treating the tunneling Hamiltonian H T within the linear response theory [50] , one obtains
is a current operator, with
is given as the Fourier transformed tunneling current I(p, t) in terms of the time-variable t. Assuming that the photon momentum q L is negligibly small and the third state |3 is initially vacant (f (ε p + ω 3 − µ 3 ) = 0), we have,
Here, Ω ≡ ω 3 +µ 3 −µ−ω L is sometimes referred to as the detuning frequency in the literature. Equation (11) involves the single-particle spectral weight A(p, ω), which is related to the analytic continued single-particle Green's function in Eq. (3) as
where δ is an infinitesimally small positive number. Thus, the photoemission spectrum I(p, Ω) in Eq. (11) gives us useful information about many-body corrections to singleparticle excitations in the BCS-BEC crossover region.
We now include effects of a harmonic trap. In LDA, this extension is achieved by simply replacing µ and µ 3 by the position-dependent ones, µ(r) = µ − V (r) and
respectively [52, [58] [59] [60] . Here,
is a harmonic potential with the trap frequency ω tr [61] . Equations (3)- (7) then depend on r through µ(r). For example, the LDA single-particle thermal Green's function has the form,
where ξ p (r) = ε p − µ(r). The LDA photoemission spectrum is given by,
where
We briefly note that Ω in Eq. (15) is still r-independent in LDA.
In the conventional photoemission spectroscopy (PES) with no spatial resolution [30, 31] , the spectrum I PES (p, ω) is obtained from the spatial average of Eq. (15) over the entire gas cloud. When we slightly modify the expression so that we can directly compare our results with experimental data, we have
Here, V = 4πR 3 F /3 is a characteristic volume of the gas cloud, where
is the Thomas-Fermi radius [62] (where N and k F are the number of Fermi atoms and the Fermi momentum in the trap center in LDA, respectively). In obtaining Eq. (16), we have changed the variable as Ω = ξ p − ω, and have multiplied the spectrum by p 2 , following the PES experiment [30, 31] .
As mentioned in Sec. I, the local photoemission spectroscopy (LPES) developed by JILA group [29] uses a space selective imaging technique [32] [33] [34] . This can be conveniently incorporated into the theory by inserting a "space selective function" P (r), which describes the probability that a |3 -state atom at r is not scattered into |4 , into the PES expression in Eq. (16) . The resulting LPES spectrum is given by,
In the JILA's experiment [29] , the space selection has been done by using two hollow light beams, both of which have the second-order Laguerre-Gaussian profile [32] , to kick out atoms in the outer region of the gas cloud to the invisible |4 -state (see Fig. 1 ). To model this set-up, we take[64] This parameter set is used in Fig. 4 (20) with R cut /R F = 0.48. This case is examined in Fig. 4(c) . In all the three cases, when one considers the case shown in Fig. 4 , 30% of trapped atoms contribute to the local photoemission spectrum.
with J 0 and w describing the power and the waist of the beam, respectively. For clarity, we show the detailed spatial variation of P (r) in Fig. 3 . We briefly note that, although P (r) in Eq. (18) does not exactly reproduce the experimental set-up (with two hollow light beams, see Fig. 1(b) ) [29, 64] , we will later show that the LPES spectrum is actually not so sensitive to the detailed spatial variation of P (r).
In this paper, we also consider the case with a sharp cutoff,
where Θ(x) is the step function, and R cut is a cutoff radius.
Before ending this section, we comment on our numerical calculations. We first determine the Fermi chemical potential µ(T ) in the normal state from the LDA number equation [59] ,
Using the calculated µ(T ), we evaluate the local photoemission spectrum I LPES (p, ω) in Eq. (17) . For this purpose, we numerically execute the analytic continuation, G(p, iω n → ω + iδ, r), in the Padé approximation [63, 65] , to evaluate the spectral weight A(p, ω, r) in Eq. (17) . In this paper, we focus on the normal state above the superfluid phase transition temperature T c . In LDA, T c is determined as the temperature at which the Thouless criterion [66] is satisfied at the trap center (r = 0) [59] , that is,
This condition gives the same form as the ordinary T c -equation in the BCS theory as,
As usual, we numerically solve Eq. (23) together with the number equation (21), to selfconsistently determine T c and µ(T c ). Figure 4 (a) shows the calculated intensity I LPES (p, ω) of the local photoemission spectrum in the unitary regime of an ultracold Fermi gas at T = 1.24T c . In this figure, 30% of trapped atoms in the central region are selectively probed. We find that the overall structure of the spectral intensity I LPES (p, ω) agrees well with the recent LPES experiment on a 40 K Fermi gas (Fig. 4(b) ) [29] . In particular, our result quantitatively explains the back-bending behaviour of the observed spectral peak (white circles in panels (a) and (b)), see the black solid line in Fig. 4(a) . Such agreements are also obtained at different interaction strengths in the crossover region, although we do not explicitly show them in this paper. These agreements confirm the validity of our approach in this regime. (20), which gives almost the same result as Fig. 4(a) . We also see in Fig. 5 that, although the parameter set (w, J 0 ) in P (r) in Eq. (18) which probes 30% of atoms is not unique, the spectral peak line is not sensitive to this ambiguity. These indicate that, once the probing rate (≡ N prob /N ) is fixed, the detailed spatial selection is not so crucial for the local photoemission spectrum.
III. LOCAL PHOTOEMISSION SPECTRA IN THE BCS-BEC CROSSOVER RE-GION
To assess to what extent LPES detects single-particle properties of a uniform Fermi gas we set R cut /R F = 0.48 ((C) in Fig. 3 ). The other parameters are the same as those in panels (a) and (b). In these figures, the black solid lines and while circles show the peak positions of the calculated and observed spectral intensity, respectively. The white solid line shows the free-particle dispersion,
where ε F and k F are the Fermi energy and the Fermi momentum in LDA, respectively.
from a trapped Fermi gas, we conveniently introduce the quantity,
where I uniform (p, ω) is the photoemission spectrum in a uniform Fermi gas with the same temperature and interaction strength as the trapped case. The atomic number density in this uniform case is chosen to be equal to the central density in the trapped case. In the present formalism, I uniform (p, ω) is given by, Solid circles are experimental data [29] .
In Eq. (24), X(p, ω) means the normalization,
We note that one obtains h = 1, when the local photoemission spectrum I LPES (p, ω) is the same as the uniform result, I uniform (p, ω). The decrease from the unity (h < 1) means that the spectrum is still influenced by spatial inhomogeneity by a harmonic trap. in the recent LPES experiment on a 40 K Fermi gas [29] is considered to succeed in observing single-particle excitations in a (nearly) uniform Fermi gas.
However, we point out that the current experimental limitation N prob /N > ∼ 0.3 is not always enough to obtain single-particle properties of a uniform Fermi gas. For example, in the unitarity limit at T c , Fig. 6(g) shows that the similarity of the spectrum to the uniform result is at most h = 0.69 1. Indeed, we see in Fig. 6(g ) that the spectrum has large intensity around the the free-particle dispersion (white solid line), compared to the uniform The white solid line shows the free-particle dispersion.
case in panel (e). This structure is rather close to the PES case shown in panel (h). To obtain h = 0.92 in this case, one needs to tune the probing rate down to N prob /N = 0.03 ( Fig. 6(f) ), which is, however, beyond the current experimental limitation.
These results indicate that, not only the probing rate N prob /N , but also the temperature is crucial to obtain h 1. Indeed, Fig. 7 shows that the h-factor remarkably decreases near T c . Thus, one needs to take a smaller value of the probing rate than N prob /N = 0.3, to obtain single-particle properties of a uniform Fermi gas at T T c .
The decrease of h near T c is related to the pseudogap phenomenon appearing in the central region of a trapped Fermi gas. To see this, it is convenient to introduce the LDA local Fermi temperature T F (r), given by,
Equation (27) Fermi energy ε F = (3π 2 n(0)) 2/3 /(2m) involves the particle density n(0) of a trapped free unity, unless the pseudogapped region spreads out over the entire spatial region where LPES observes atoms. In the case of Fig. 3 (N prob /N = 0.3), the size of the spatial region where LPES observes atoms is as large as about half the Thomas-Fermi radius R F . We briefly note that, even at T c , the pseudogapped spatial region does not so spread out in the unitary regime [68] . As a result, single-particle properties are still inhomogeneous in the region where LPES observes atoms, leading to the decrease of h.
When T > T pg , the spatial inhomogeneity by the pseudogap phenomenon no longer exists.
Because of this, a large value of h ( 1) is expected compared to the pseudogapped case, which causes the difference between Figs. 6(c) and (g).
Although there is no clear boundary about the validity of the current LPES experiment (with N prob /N 0.3), it is convenient to introduce the quantity T * (N prob /N = 0.3) which is given as the temperature at which the h-factor reaches h = 0.9 (see Fig. 7(b) ). As a criterion, we then identify the region above T * (where h ≥ 0.9) as the region where LPES can (approximately) eliminate effects of a harmonic trap from photoemission spectra.
Using this criterion, we conveniently identify the region where the current LPES experiment (N prob /N = 0.3) works, as shown in Fig. 9 . In this figure, we see that the most of the pseudogap regime (T c ≤ T ≤ T pg ) is outside this region. Thus, the current LPES experiment with N prob /N > ∼ 0.3 needs further improvement, in order to confirm the pseudogap phenomenon in the BCS-BEC crossover regime of a uniform Fermi gas. At present, it seems difficult to select narrower spatial region so as to give a larger h, because of the limitation crossover regime of a trapped ultracold Fermi gas. T pg is the pseudogap temperature [52] at which a dip structure (pseudogap) starts to appear in the single-particle density of state at the trap center.
In the region T c ≤ T ≤ T pg , single-particle density of states around the trap center has a gap-like structure, in spite of the normal state.
of the detectable spectral intensity in the current experimental technology [29] . Thus, a promising idea is to combine the current LPES technique with the non-harmonic (box-type and cylindrical) trap potential [27, 28] mentioned in Sec. I. Then, the spatial inhomogeneity inside the selected region would be suppressed to some extent.
IV. SUMMARY
To summarize, we have discussed single-particle excitations in the BCS-BEC crossover regime of a trapped ultracold Fermi gas. Including pairing fluctuations within a strongcoupling T -matrix approximation (TMA), as well as effects of trapping potential using the local density approximation (LDA), we have calculated the local photoemission spectrum I LPES (p, ω) in the normal state above T c . We showed that our results agree well with the recent local photoemission spectroscopy (LPES) experiment on a 40 K Fermi gas, without introducing any fitting parameter. To conveniently estimate the similarity between the observed photoemission spectrum in a trapped Fermi gas and that in the homogeneous case, we have introduced a quantity (which is referred as the h-factor in this paper), to show that the recently observed LPES spectra in the unitary regime of a trapped 40 K Fermi gas are very close to those in a uniform Fermi gas.
However, we also found that the current LPES experiment (which requires the probing rate N prob /N > ∼ 0.3 to obtain detectable spectral intensity) does not always work well, for the purpose of eliminating effects of a harmonic trap from the spectrum. In particular, we showed that the h-factor remarkably deviates from unity in the most of the pseudogap regime when N prob /N > ∼ 0.3, which means that the current photoemission spectrum still involves effects of spatial inhomogeneity there. Thus, in order to use LPES to resolve the debate about the existence of the pseudogap in the BCS-BEC crossover regime of a uniform Fermi gas, it is necessary to improve this experiment beyond the current limitation (N prob /N > ∼ 0.3). For this improvement, one needs to either observe a smaller spatial region around the trap center, or use another type of trap potential. In this regard, the recent experimental work on non-harmonic trap [27, 28] is promising. Since it gives a flatter potential than the ordinary harmonic potential in the central region, the combined LPES with such a non-harmonic trap may enable us to obtain the photoemission spectrum with h 1 within the current experimental limitation (N prob /N > ∼ 0.3). The theoretical confirmation of this expectation is our interesting future problem. Extracting homogeneous information about a strongly interacting Fermi gas from experiments on a trapped Fermi gas is an important issue in cold Fermi gas physics, especially when this highly tunable system is used as a quantum simulator for other homogeneous Fermi systems. Thus, our results would be useful when such an application is intended for the study of single-particle excitations.
